T he m agnetic an d other p ro p erties of the free electrons in g rap h ite
Introduction
As is well known, graphite crystals exhibit an abnormal diamagnetism, directed almost wholly along the hexagonal axis of the crystal, and having a large temperature coefficient. This diamagnetism is evidently due to the presence of Tree' electrons in the crystal, and a detailed study of the diamagnetism should enable us to obtain at least some of the general characteristics of these free electrons. In the present paper is given a dis cussion of the diamagnetism of graphite from this point of view, and it is found th at the magnetic data indeed reveal all the main features of the free electron gas in the crystal. For example, it is found th at the number of free electrons is just one per carbon atom, that under the influence of the lattice field the movements of these electrons along the normal to the basal plane are severely restrained, whereas their movements in the basal plane remain almost completely free, and lastly, th at as a result of the restraint imposed on the movements along the former direction, and the peculiar structure of the Brillouin zones of the crystal, the degeneracy temperature of the electron gas becomes very low indeed, sufficiently low to be easily accessible for experimenting in the laboratory.
This simple picture of the free electron gas in graphite revealed by the magnetic data naturally makes graphite a very suitable medium for studying in general-the properties of an electron gas. An account of some of these studies will be given in Part II.
The magnetic properties oe a eree-electron gas
I t was discovered by Landau (1930) th at an electron gas should have, besides its spin-paramagnetism, an appreciable diamagnetism also, super posed on it, due to the quantized orbital motions of the electrons in the magnetic field. For a/ree-electron gas both the diamagnetic and the para magnetic susceptibilities are easily calculated. Neglecting terms th at are dependent on the magnetic field, the diamagnetic susceptibility per unit volume of the gas is given by the expression (see Stoner 1935 )
where n is the number of electrons per unit volume, /i is the Bohr magneton, rv \ r x*dx (2)
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£ being the thermodynamic potential per electron, and T have their usual significance.
The numerical values of F(rj) and F'(tj) for different values of 7] can be obtained from the tables for Fermi-Dirac integrals given by McDougall and Stoner (1938) .
To the same approximation, the paramagnetic susceptibility per unit volume is given by
which is just three times the diamagnetic susceptibility. The resultant susceptibility, namely, K = K p + K d, will therefore be paramagnetic.
Let us define the degeneracy temperature T0 of the gas by the usual expression n = 6> /* w
where £0 is the value of £ at the absolute zero of temperature, or the maximum kinetic energy of an electron in the gas when it is completely degenerate. At very high temperatures, T^>T0, F'/F tends to reach asymptotically the value 1, and the two susceptibilities will then conform to the Curie laws and K , -$ .
respectively. At very low temperatures, T<^T0, the expressions for the two susceptibilities will reduce to the temperature-independent values n/i3 4 2kTn and K" Snju,2 2M
. E ffect of the lattice field
When the electrons are not quite free, but are under the influence of the lattice field, as the conduction electrons in any actual metal are, the ex pressions for the two susceptibilities, particularly for the diamagnetic susceptibility, will naturally be complicated. But in the special case, which is of practical interest, when the surfaces of constant energy of these electrons in £-space* may be represented by the family of similar ellip soids, h2 E = 2 m^ + a2^ + a^^' (10)
Magnetic and other properties of the free electrons in graphite 171 the two susceptibilities can be evaluated easily (see Mott and Jones 1936, chap, vi, §6.2) . We shall take the number of electrons per unit volume of this gas also to be n,and denote the various quantities relating to this gas by the same letters as for the free-electron gas, but with the subscript g attached to them.
The degeneracy temperature T0g of this gas can be sho th at of a free-electron gas of the same density by the equation
The effect of the lattice field is thus to increase the degeneracy temperature by a factor (a1a 2a 3)i . Its effect on the paramagnetism of the electron gas, given by expression (5), will therefore be to increase the argument in the functions F' and F from rj to r]g, where
At high temperatures, T p T 0g, the paramagnetic susceptibility will thus be the same as for a free-electron gas of the same density, namely,
At low temperatures, T T0g, when the gas is completely degenerate,
= (15) as compared with the value " 3 K p = 2kT0 for a free-electron gas of the same density.
Considering next the effect of the lattice field on the diamagnetism of these electrons, we may notice here that the effect is two-fold. The first is due to the increase in the degeneracy temperature, by the factor (ccl oc2a3)i, and will be similar to the effect of the lattice field on the paramagnetism of the gas. The second is more direct and arises from the fact th at the kinetic energies of the electrons conform to equations of the type (10), which shows th at the electrons behave as though their 'effective masses' were = 1,2,3), instead of ra.This will be so in the equations of motion of the electrons in the magnetic field also. Taking the direction of the magnetic field to be along the 2-axis of the energy ellipsoid, the equations of motion of the electrons in the xy-plane will thus differ from the equations for free electrons in having an effective magnetic moment /ig = //(oqo:^)', in fh® p electrons. The diamagnetic susceptibility along the 2-axis will therefore be given by dg ZkT
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where 7jg has the value (12). Hence at high temperatures, T > T0g,
and at low temperatures, T < T0g,
On comparing (17) with (13), and similarly (18) with (14), it will be seen th at the ratio of the diamagnetic to the paramagnetic susceptibility is no longer equal to but is equal to | a 1a 2. When | a 1a 2 is very large, the paramagnetic part of the susceptibility will become relatively insignificant.
. Graphite a suitable crystal for studying THE PROPERTIES OF AN ELECTRON GAS
The conditions obtaining in the crystal of graphite, as we shall see presently, are exceptionally favourable for verifying some of the results given in the previous section. Graphite, as is well known, is a hexagonal crystal, with a perfect basal cleavage. The carbon atoms in it are arranged in layers parallel to the basal plane, the atoms in each layer forming a regular hexagonal network. The distance of separation between adjacent layers is 3*40 A, which is much larger than the distance between adjacent atoms in the same layer, namely, T42 A, which shows th at the binding between adjacent layers is extremely loose, and is probably of the van der Waals type.
The diamagnetic properties of this crystal have been studied by us in detail in some recent papers (1934, 1937, 1939) . The specific susceptibility per g. of the crystal perpendicular to the hexagonal axis, Xx> *s ab°ut -0*5 x 10-6, which is nearly that of diamond. On the other hand, the susceptibility along the hexagonal axis, y,,, is numerically very large, and it varies much with temperature. At room temperature is about -2T5 x 10~6 per g., and is thus more than 40 times
The abnormal part of the susceptibility of graphite, which we may take as equal to
Xu ~ X ±, an<i which we shall denote by ye, appears to be the contribu tion from the free or the mobile electrons in graphite. We shall assume th at it is so, and further th at an explanation can be found for the absence of a paramagnetic contribution from these electrons. The experimental finding th at Xe is directed wholly along the normal to the basal plane then indicates th at the mobility of these electrons is practically confined to the basal plane. Adopting the language of the Bloch theory this would mean, in view of the layered structure of graphite, that the mobile electrons belonging to any given layer of carbon atoms, parallel to the basal plane, are tightly bound to the layer, the probability of their migrations to the adjacent layers being very small. This is indeed to be expected from the large separation, which we referred to justnow, between adjacent layers, and the loosenessof the binding between them.
Though the mobile electrons belonging to any given basal layer are tightly bound to the layer, the magnetic data require, as we found just now, that there should be large movements of these electrons in the plane of the layer. The magnetic data further require, as we shall find in § 6, th at these movements in the basal plane should be completely free, i.e. quite unin fluenced by the lattice field.
We thus have in graphite a particularly simple model of an electron gas, the electrons behaving in their movements in the basal plane as though they were completely free, and in their movements perpendicular to the plane as though they were tightly bound. Moreover, as we shall again find in §6, the number of mobile electrons is just one per carbon atom, and this finding further enhances the simplicity of the model. Now the observed large temperature variation of Xe shows that the electron gas in graphite should have, in spite of its large density, a low degeneracy temperature. This result, as we shall show in § 8, is a consequence of the tight binding of the electrons along the hexagonal axis, and the peculiar structure of the Brillouin zones of the crystal.
The electron gas in graphite, conforming as it does to a simple model which is amenable to easy theoretical treatment, and having a low de generacy temperature which is conveniently accessible in the laboratory, offers a very suitable medium for studying the magnetic and other pro perties of an electron gas.
The magnetic data for graphite
Detailed measurements of the temperature variation of the diamagnetic anisotropy of graphite, namely, -x±, denoted by ye, from the tempera ture of liquid oxygen to about 1270°K, were given by us in a previous paper (1939) . These data need some supplementing. In the first place there was a gap between 90 and 130°K in the low temperature measurements, since we used a liquid bath of light petroleum ether for maintaining steady tempera tures in the cryostat, and the liquid became too viscous for use below about 130° K. The only temperature lower than this, a t which measurements were made, was that of liquid oxygen itself. The region included between these two temperatures is rather important, since is almost independent of temperature at 90°, while at 130° it has a large temperature coefficient. We have now made measurements in this region, with a new type of cryostat* in which the use of a liquid bath for maintaining steady tempera tures is eliminated altogether.
Secondly, the high temperature measurements were made previously in side a furnace from which oxygen from air could not be wholly excluded. There was consequently a slight oxidation of the graphite crystal at high temperatures. Immediately after each magnetic measurement, the crystal was quickly cooled and its mass determined; this was taken to be the mass of the crystal when the measurement at the high temperature was made. This would make the numerical values of -y L reported before for the highest temperatures slightly too high. We have now repeated these measurements in an air-tight furnace in an atmosphere of nitrogen, and under these condi tions there was no detectable change in the crystal even at the highest temperatures. These new values of Xw -y , are f from the old values, and both the sets of values are included in the present paper.
V V e wish to express here our thanks to Mr A kshayananda Bose for designing the cryostat. A detailed description of the apparatus will be published by him elsewhere.
D iscussion of the magnetic data
Plotting the values of Xw ~Xx = Xe Per gram of graphite again procal of the temperature, we find (see figure 1) th at a t high temperatures the susceptibility tends to reach asymptotically the value Xe = -0-010/T, and a t low temperatures it tends to reach the temperature-independent value Xe = -30x10-6, and the curve in general resembles closely the theoretical susceptibility curve for a free-electron gas whose energy distribution conforms to FermiDirac statistics. On more detailed examination of the curve we find th at the high tempera ture values, namely, ye = -0-010/T, conform closely to the formula N/i2 3k T ' ( 20) where A is the atomic weight of carbon and N is the Avogadro number.* * We may mention here that the volume susceptibility K and the specific susceptibility x are connected by the relation
(20 a)
Similarly the temperature-independent value of at low temperatures conforms to the formula AXe = -3 6 0 * 10-6 = -J^r -where T0g has the value 520° K. At all temperatures, in the range investi gated, the curve is found to fit well with the formula N. Ganguli and K. S. Krishnan A/a2 AXe -3kT '
in which the value of t] is the same as for a free-electron gas whose de generacy temperature is 520° K. In other words, observed electronic susceptibility of graphite per carbon atom is the same as the Landau suscepti bility per electron of a free-electron gas having a degeneracy temperature of 520° K. The curve drawn in figure 1 is indeed the theoretical curve calculated on this basis, and the straight line passing through the origin represents the line
which the theoretical curve tends to reach at high temperatures. It will be seen that the experimental values, represented by the circles, lie close to the curve. This experimental finding may be taken to indicate that the number of mobile electrons in graphite is just one per carbon atom, and that the movements of these electrons in the basal plane are completely free and uninfluenced by the lattice field. From the point of view adopted in § 3, these conclusions may be expressed in the following form: first, that v, the number of free electrons per carbon atom, is equal to unity, and secondly, th at al and a 2, which de termine the freedom of movements of these electrons in the basal plane, are also equal to unity.
It should be mentioned immediately th at these conclusions do not follow uniquely from the magnetic data. On comparing the experimental relations (20) and (21) with the theoretical relations (17) and (18) respectively, and in view of (20a), one can see that the experimental data merely require th at va1a2= l .
The obvious conclusion that we drew from the magnetic data in the previous paragraph, namely, that
is only a particular solution. This solution, however, appears from other considerations to be the most probable one. For example, it fits well with the modern quantal views regarding the electronic structure of aromatic mole cules in general, and of graphite in particular-indeed each layer of carbon atoms in graphite may be regarded as a giant aromatic molecule-according to which one electron per carbon atom is free to migrate from atom to atom over the whole condensed network. Incidentally such a migration is also the solution for the sixty-year-old controversy regarding the location of the extra bonds in the benzene ring-the bonds are not localized at a ll! (Ingold I938)-
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. Surfaces of constant energy in &-space approximately A SET OF COAXIAL CYLINDERS
For a free-electron gas containing as many electrons per c.c. as there are carbon atoms per c.c. of graphite, one can easily calculate the degeneracy temperature, with the help of equation (7), and it is found to be about 98,000° K. Now the observed degeneracy temperature of the electron gas in graphite, namely 520° K, is of this value. From the magnetic data it was deduced in the previous section that the number of free electrons in graphite, namely v per atom, is given by the relation va1a2 = 1. For this density of electrons, remembering that the effect of the lattice field is to increase the degeneracy temperature by a factor (a1a 2a 3)i (see (11)), we obtain T0g = 520° -98,000° x x( axa 2a 3)*, or a xa 2/a3 = 1903,
which indicates a very high eccentricity for the ellipsoidal surfaces of con stant energy in the &-space. Indeed the eccentricity is so large th at one may regard these surfaces as a set of coaxial cylinders, with their common axis along the V axis of the crystal. . Now the ' effective mass ' of an electron is 1 /oq times the actual mass, where a x has the value a x or a 2 for motion in the basal plane, and the value oc3 for motion perpendicular to the plane. The very large value of a xa 2/a3 obtained in (25) indicates that the effective mass for motion perpendicular to the plane is enormous, as indeed it should be, because of the tight-binding of the mobile electrons to their respective layers. The effective mass for motion in the basal plane will be much smaller, and if we adopt the conclusion pro visionally accepted in the previous section, namely a x = a 2 = 1, it will be just the actual mass.
B rillouin zones of graphite
We shall next consider these results in relation to the Brillouin zones in the crystal. The unit cell of graphite has the dimensions a -2-46, c = 6-79A, and it contains four atoms of carbon. The structure factors for the various crystallographic planes are given in table 1 (see Mott and Jones 1936, p. 163) . The energy discontinuities across (000, 2}, and across {211, 0} are the strongest. Let us consider the Brillouin zone in &-space (k is taken to be equal to 1/A, as before) bounded by these sets of planes. I t will be a flat hexagonal prism of the second order, with its axis along ' c '. The height of the prism will be 2/c, and its cross section, by the basal plane, will be a regular hexagon of side 2/(<j3a) (see figure 2, the inner hexagon). The volume of this Brillouin zone in the fc-space will be 4 v/3/(a2c). Since each unit volume in the fc-space will correspond to two electrons per unit volume of graphite, and since the atomic volume of carbon in the crystal is j3 a 2c/8, it can be readily seen th at the above Brillouin zone can contain just three electrons per carbon atom.* The energy discontinuities at all the faces of the zone are large, and hence these three electrons in each carbon atom may be regarded as forming a closed group.
There is a bigger zone which can just accommodate all the four valency electrons of the carbon atom, namely, the one bounded by (000, 2} and {220, 0}. This zone also is a flat hexagonal prism, of the same height as before, but of the first order, whose cross-section is a hexagon of side 4/(3 (the outer hexagon in figure 2 ). But the energy discontinuities across (220,0}, as will be clear from the values given in table 1, are small.
We mentioned just now th at the three electrons per carbon atom th a t can be accommodated in the smaller Brillouin zone, whose bounding faces are all surfaces of large energy discontinuity, may be regarded as forming a closed group. The remaining electrons, namely one per carbon atom, may occupy any of the outer zones. Using reduced wave numbers, it can be easily seen th at there is much overlapping of these zones into one another, and on this account the maximum kinetic energy of the electrons will be much smaller than it would be otherwise. Further, in view of the small value of a 3-(which is only 1/1903 of a 1a 2), the electrons will take up all the permitted values of kz in the zones under consideration right up to the boundary surface parallel to the basal plane. For the same reason, neither kx nor ky will reach high values; in other words, along the x and y directions the zones will be 'nearly em pty'. In terms of the Brillouin zones, one thus gets a natural explanation why in spite of the large density of free electrons in graphite, namely one per atom, the degeneracy temperature is so low, and also why for motion in the basal plane (i.e. in the xy-plane) the electrons behave as if they were completely free, whereas for motion along the normal to the plane (i.e. along the z-axis) they behave as if they were tightly bound.
9. An alternative view of the free-electron
DIAMAGNETISM OF GRAPHITE
We have seen that a particularly simple solution of the experimental finding that v<xx<x2 = 1 is to put v = 1 and = 1, and that this solution receives much support from general structural con siderations, and also from a consideration of the Brillouin zones. Assuming, for the sake of argument, that this solution is not acceptable, the only other permissible solution seems to be to regard the larger Brillouin zone, which can accommodate all the four valency electrons, as the proper zone, and to attribute the diamagnetism to the few electrons that may overlap into the next zone, v will then represent the number of such overlap electrons per atom, and will be much less than unity. The surfaces of constant energy in the k-space in the region immediately outside any pair of parallel surfaces {220, 0} bounding the Brillouin zone may still be represented by ellipsoids of the type (10), the origin of the coordinate system being now taken at the surface. Taking the z-axis as before along the 'c ' axis of the crystal, and the x-axis along the normal to the surfaces of energy discontinuity under con sideration, it can be shown (see Mott and Jones 1936, p. 84 ) th at both a 2 and a 3 should be of the order of unity, whereas a x should be very large; indeed the larger it is, the smaller is the energy discontinuity. The relation 0,1 a ja 3 = 1903 deduced from the observed degeneracy temperature of the electron gas in graphite will then give for a x the value a x ~ 1903.
Such a large value of a x indicates an extremely small energy discontinuity at the surface, of the order of 10 4 or 10 5 electron volt, and this will be the ease at all the (220, 0} faces of the four-electron Brillouin zone. We may then legitimately disregard these discontinuities altogether, regard the one electron per carbon atom that cannot be accommodated in the smaller Brillouin zone to be effectively free, and shift the origin of the coordinate system to the beginning of the one-electron zone. We will then have v = l ,a 1 = a 2= l , a 3 = l/1 9 0 3. This is precisely the first alternative view, which we had adopted.
In other words, in order to explain, on the second alternative view, the experimental finding that the number of electrons overlapping beyond the four-electron Brillouin zone bears a definite relation to the a 's in the basal plane-the relation being vaxa 2 = 1-the energy discontinuities across the {220, 0} planes have to be negligibly small. The existence of the discon tinuities can then be ignored altogether, in which case the second alternative view reduces itself to the first. This is very gratifying.
Absence of spin -paramagnetism
Now we have to explain why the spin-paramagnetism of the free-electrons, which normally should have predominated over their diamagnetism, is practically absent. According to the second alternative view proposed in the preceding section, this is merely a consequence of the large value of a xa 2/3, which, as we noticed in §3, represents the ratio of the diamagnetic to the paramagnetic susceptibility. But we have already preferred, on other grounds, the first alternative. The absence of paramagnetism has then to be explained in the following manner. Each permitted energy level of the electron gas can accommodate, according to Pauli's exclusion principle, two electrons, with opposing spin moments. Under the conditions usually obtain ing in an electron gas all the lower energy levels will be so occupied by electron pairs, but some of the higher energy levels, near about £0 = will be occupied by single electrons, and the higher the temperature the larger will be the number of such energy levels occupied by single electrons. In graphite, in order to explain the absence of paramagnetism, we have to assume th at all the occupied energy levels are occupied each by a pair of electrons, and none of the levels by single electrons. This will be the case if there is some coupling between the opposite spin moments, and the energy of coupling is large in comparison with kT even at the higher temperatures of our measuremen and therefore large in comparison with kT0a also. Such a pairing of the elec tron spins is indeed contemplated in the quantal theory of the mobile electrons in aromatic molecules.
In spite of such a coupling-which will result in an energy level being either occupied by an electron pair or not occupied at all-if the occupied energy levels are so closely spaced th at they may be regarded as almost continuous (this condition is satisfied ordinarily), the energy distribution will be practically the same as when the spin-spin coupling is absent. The coupling will not therefore affect the diamagnetism of the electron gas, and the temperature variation of the diamagnetism will still be in accordance with the statistics of Fermi and Dirac, as is actually observed.
At sufficiently high temperatures, however, we should expect the para magnetism to become more and more important relatively to the Landau diamagnetism of the electrons, and ultimately to predominate over the latter in the ratio of 3 :1.
Thus in addition to the observed degeneracy temperature of 520° K, which when multiplied by k represents the maximum kinetic energy which an electron in the gas will have a t very low temperatures, there must be another characteristic temperature Ts for the electron gas in graphite, much higher than 520° K, such that kTs will represent the energy of dissociation of the components of a pair of electrons with opposite spins. The temperature Ts will be somewhat analogous to the Curie temperature of a ferromagnetic body.
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The Landau diamagnetism and the F ermi-Dirac ENERGY DISTRIBUTION OF THE ELECTRON GAS
Treating the abnomal diamagnetism of graphite as the Landau dia magnetism of its electron gas, we found that the various results deduced Vol. 177. A. from the magnetic data are just what we should expect from other and independent considerations. Arguing conversely, we may regard the ob served magnetic data for graphite, especially at very high and very low temperatures, at which the magnetic behaviour is particularly simple, as providing an experimental demonstration of Landau's value for the dia magnetism of an electron gas. The region th at we have studied extends from the completely degenerate to the almost completely non-degenerate state; and includes in particular the region of transition from the one to the other. The close agreement between the theoretical curve plotted in figure 1 , calculated on the basis that the energy distribution of the electrons is in accordance with Fermi-Dirac statistics, and the experimental values may therefore be regarded as verifying experimentally the Fermi-Dirac distribu tion over the whole range from temperatures very much lower than the de generacy temperature to temperatures much higher than the latter. This is very gratifying, since ordinarily it is only the degenerate state th at is accessible for experimenting, whereas for verifying the Fermi-Dirac distri bution, it is the transition region between the degenerate and the non degenerate states th a t is most interesting.
In conclusion we wish to express our thanks to Dr D. N. Wadia, Govern ment Mineralogist at Ceylon, for his kind present of some of the graphite crystals with which the measurements described in this paper were made. N. Ganguli and K. S. K rishnan
